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Abstract

Chipmakers and cloud providers take equity stakes in the frontier Al labs that buy their compute,
and labs receive equity or warrants in their suppliers in return. I model this circular investment
in an Al stack where labs race for the frontier in an all-pay contest with knowledge spillovers «
and buy compute from suppliers that earn a margin. I obtain closed-form equilibria. A supplier’s
stake in a lab is neutral for compute; the lab’s stake in its supplier acts as a volume rebate, which
the supplier’s stake amplifies. The value of the ownership network moves with compute at rate
« + un — 1, where uy is the share of each compute dollar retained as profit inside the network.
Below this threshold, an impossibility theorem holds: no circular arrangement raises compute
and benefits its participants. Even then, insiders can gain at the expense of the labs” outside
investors. Exclusive deals discourage rival labs and create value exactly when inclusive deals
destroy it. Circularity amplifies exposure to margin compression. With data-center and power
layers, the thresholds acquire cross-layer feedback terms, and bringing power into the network
can reverse the regime.

Keywords: circular investment, vendor financing, cross-shareholding, common ownership, Al,
data centers, compute, all-pay contests, spillovers.
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1 Introduction

The frontier of artificial intelligence is being built on an unusual web of financial ties. Chip
designers and cloud providers invest in the Al labs that buy their products. The labs commit to
multi-year, multi-gigawatt compute purchases, and in some deals they receive equity or warrants
in their suppliers that vest as purchases are made. Investors and journalists call these arrangements
“circular”: money flows from supplier to lab as equity, back from lab to supplier as revenue, and
sometimes back again as equity in the supplier (The Register, 2025; Morningstar, 2025). Two
questions follow. Do these arrangements raise investment in compute? And do they create value,
or do they inflate compute spending at someone else’s expense?

This paper builds a model to answer both. The approach extends the framework of Xiong (2026),
which studies R&D contests with spillovers and symmetric cross-shareholdings across industries
and proves that no symmetric cross-shareholding structure can raise both R&D and investors’
profits. That result rests on two facts: winner-take-all contests dissipate rents, and an investor
whose portfolio weights sum to one earns the profit of a representative firm. Circular investment in
the Al stack differs in two ways that matter. The ties are vertical: suppliers earn a margin on every
dollar labs spend. And they are asymmetric and partial: a supplier may back one lab or all of them,
and labs are largely funded by outside investors. Both features turn out to be decisive.

The model in brief. Two Al labs race for the frontier. Each spends on compute; the lab that
spends more wins a prize V that grows with total compute spending at rate a, capturing knowledge
diffusion and market expansion. A dollar of lab spending earns a margin y for the compute layer
(chips and cloud). Ownership links the layers. The compute supplier’s controlling owner holds
a share o of each lab. Each lab’s insiders hold a share w of the supplier, which captures equity
or warrants that labs receive. Lab insiders may also hold a share / of the rival lab, and outside
investors hold shares ¢ of each lab and ¢s of the supplier. In an extension, a second layer of
data-center and power developers also races to build capacity, and the two layers” investments spill
over onto each other.

Results. All equilibria are in closed form. The tool is a lemma for symmetric all-pay contests in
which payoffs are linear in both players’ efforts (Lemma 1); it covers any ownership structure in
the model.

1. Reciprocal stakes matter (Theorem 1, Proposition 1). A supplier’s stake in a lab, on its own, has
no effect on compute. Lab insiders still bear the full marginal cost of compute and still receive
the full marginal benefit, scaled by the same share. What raises compute is the lab’s stake in the
supplier. Lab insiders get back wy of every dollar spent, a volume rebate of r = wy /0 per dollar
of their own cost, where 0 is their stake in the lab. The supplier’s stake ¢ and outside financing
¢1 shrink 0 and thereby amplify the rebate. Equilibrium computeise = &%(1 —a)/(1—a —7),a
circularity multiplier. Labs post accounting losses while their insiders gain through their stakes in



the supplier.

2. A single value threshold (Theorem 2). Margins are transfers within the network. By accounting,
the combined value of all firms linked by ownershipis ] = V — (1 —a — un) T, where T is total
compute and py is the in-network margin per dollar. Every arrangement, whether equity, warrants,
purchase commitments or rebates, changes network value by (« + puny — 1)AT. If a +uy < 1, a
circular-investment impossibility theorem holds: no arrangement that raises compute can make its
participants better off, even with side payments. If « + uy > 1, the labs under-invest from the
network’s point of view because they pay margins that are only transfers, and every compute-
raising arrangement creates value.

3. The incidence of losses (Theorem 3). With outside investors, the insiders’ gain from extra
compute is proportional to (1 — ¢s) — (1 —a)(1 — ¢r). When labs are mostly financed from
outside, insiders can profit from expansions of compute that reduce total value. The losses are
borne by the labs” outside shareholders, through the labs” accounting losses.

4. Exclusive versus broad-based investment (Theorem 4). An exclusive circular deal with one lab
creates an asymmetric contest, which I solve in closed form with endogenous prizes. Notably, the
favored lab’s expected spending does not change: the deal works only by discouraging the rival,
whose spending falls and who gives up the frontier more often. Total compute falls. Exclusive
deals therefore create value exactly when a 4 un < 1, the region in which inclusive deals destroy it.
Suppliers with high margins and large spillovers should invest across all labs; investors with low
margins, and vertically integrated firms, should concentrate on one lab.

5. Fragility (Proposition 5). Circularity raises the elasticity of compute spending with respect to
the supplier’s margin, from zero to /(1 — « — r), and makes the supplier’s revenue more than
proportionally sensitive. Structures built when margins exceed 1 — & become value-destroying if
competition compresses margins below 1 — &, and the more circular the structure, the larger the

loss.

6. Data centers and power (Theorem 5, Proposition 9). When a second layer of data-center and
power developers also races, and the layers” investments spill over onto each other, labs’ stakes in
infrastructure create value iff « + y + B fp/ (1 — ap) > 1. Infrastructure firms’ stakes in labs create
value iff ap + Br(u + Bp)/ (1 —«) > 1. The B terms are cross-layer feedback loops. Margins earned
outside the network, such as those of independent power producers, are invisible to it; bringing
power into the network raises y and can flip the regime.

Welfare and policy (Section 14). A planner counts all margins as transfers and adds the external
value of compute # (positive for diffusion to users, negative for grid congestion, emissions or safety
risk). Privately profitable inclusive deals are then socially beneficial whenever 17 > 0. Exclusive
deals can be privately profitable but socially harmful: they lower compute and concentrate the
frontier.



Related literature. The contest machinery builds on complete-information all-pay auctions (Hill-
man and Riley, 1989; Baye et al., 1996; Siegel, 2009) and on contests whose prizes depend on effort
(Baye et al., 2012). The asymmetric equilibrium with an endogenous common prize in Section 8
appears to be new in closed form. The ownership side relates to the literatures on partial cross-
ownership (Reynolds and Snapp, 1986; Gilo et al., 2006), partial vertical ownership and foreclosure
(Flath, 1989; Greenlee and Raskovich, 2006; Levy et al., 2018; Ordover et al., 1990), vendor financing
(Brennan et al., 1988), and common ownership and innovation (Lépez and Vives, 2019; Antén et al.,
2021). The value thresholds generalize the comparison between noncooperative and cooperative
R&D in d’Aspremont and Jacquemin (1988) and Kamien et al. (1992) to vertical margins and
cross-layer spillovers. Relative to Xiong (2026), the contributions are the vertical margin channel,
asymmetric (exclusive) holdings, outside investors, and the multi-layer stack.

Roadmap. Section 2 summarizes the arrangements that motivate the model. Section 3 presents
the model and Section 4 the contest lemma. Sections 5-9 contain the main results for a single stack.
Section 13 adds data centers and power. Sections 14-15 discuss welfare, policy and an illustrative
calibration. Proofs not given in the text are in Appendix A; numerical verification is in Appendix B.

2 Circular investment in the Al stack

This section describes the arrangements that motivate the model. Terms of individual deals change
frequently and are often only partly disclosed. The model is built to capture the types of linkage
rather than any particular contract.

Supplier equity in labs. Chip designers and cloud providers hold equity in Al labs. Microsoft
has been OpenAl’s largest outside investor since 2019 and, after OpenAl’s 2025 recapitalization,
holds a stake of roughly 27% (Business Standard, 2025). In November 2025, Microsoft and Nvidia
announced investments in Anthropic of up to $15 billion combined, alongside an Anthropic
commitment to purchase $30 billion of Azure compute (Pure Al, 2025). Nvidia’s equity investments
in Al companies in 2026 have reportedly exceeded $40 billion, anchored by a $30 billion investment
in OpenAl (The Next Web, 2026). In the model, these are the supplier’s stakes ¢.

Lab equity in suppliers. In October 2025, AMD and OpenAl announced a partnership to deploy
six gigawatts of AMD GPUs; OpenAl received a warrant for AMD shares that vests as deployment
milestones are met (AMD, 2025). A warrant that vests with purchases is, economically, a volume
rebate paid in the supplier’s equity: the more the lab buys, the more of the supplier’s margin it
captures. In the model, these are the lab’s stakes w.



Compute and data-center layers. Data-center operators sit between chip makers and labs. Nvidia
has invested repeatedly in CoreWeave, including a further $2 billion in January 2026 (Bloomberg,
2026). The result is a chain of stakes and purchase commitments running from chips through data
centers to labs and back (The Register, 2025).

Power. The binding constraint on new data centers is increasingly electricity. Hyperscalers have
signed long-term power purchase agreements and made commitments to nuclear and other firm
generation. Most of these are contracts rather than equity, and their realism has been questioned
(Carnegie, 2026). In the model, power is a layer whose margins are either inside or outside the

ownership network.

The debate. Commentators disagree on whether circularity is benign (risk sharing, financing
of a capital-intensive buildout) or a source of fragility (revenue round-tripping, inflated demand)
(Morningstar, 2025; The Register, 2025). The model gives conditions under which each view is
right. Figure 1 summarizes the links described above.

3 The model

3.1 The stack

There are two Al labs, L and Lj; a compute supplier S, representing the chips-and-cloud layer;
and an outside layer O, representing, for example, independent power producers. Section 13 adds

a second racing layer.

The frontier race. Lab i chooses compute spending ¢; > 0, measured in dollars. The lab that
spends more wins the frontier and earns

R(e1,e20) =V +a(er +e), V>0 a€l0,1). 1)

Ties are broken by a fair coin. The loser earns nothing from the race. V is the value of leadership: the
rents of the frontier model over its product cycle. The spillover « captures the fact that the winner’s
prize grows with both labs” compute: some of the loser’s work diffuses (through publications, staff
mobility, distillation or open weights), and both labs” spending expands the market for frontier Al
The race is the all-pay contest of Baye et al. (1996) with the endogenous prize of Baye et al. (2012),
as in Xiong (2026).

Margins. A dollar of lab spending generates profit y € [0,1) for the supplier S and profit jio > 0
for the outside layer O. The rest, 1 — y — up > 0, is real resource cost. So ITg = p(e; + e2) and



CoreWeave

Microsoft
(Azure)

—> equity (holder — firm)  --...4 » warrant (holder — issuer) - - - ¥ compute purchases (buyer — seller)
1 Nvidia’s $30bn investment in OpenAl (2026) 6 OpenAl’s AMD warrant, vesting with deployment
2 Nvidia’s investment in Anthropic (Nov. 2025) 7 OpenAl’'s 6 GW AMD GPU deployment
3 Microsoft’s ~27% stake in OpenAl 8 OpenAl’s purchases of Azure compute
4  Microsoft’s investment in Anthropic (Nov. 2025) 9  Anthropic’s $30bn Azure commitment
5 Nvidia’s investments in CoreWeave 10  CoreWeave’s purchases of Nvidia GPUs

Figure 1: A stylized map of selected circular links in the Al stack, based on the public reports cited
in Section 2 (AMD, 2025; Business Standard, 2025; Pure Al, 2025; The Next Web, 2026; Bloomberg,
2026). Circles are firms: blue for chipmakers, orange for cloud and data-center providers, green
for frontier labs. The map is illustrative and not exhaustive; arrows are not to scale, and many
terms are only partly disclosed. The model maps solid arrows from suppliers into labs to ¢, dotted
arrows from labs into suppliers to w, and dashed arrows to the spending e; on which suppliers
earn the margin y.



ITp = po(e1 + e2), and lab i’s profit is
IT; = R-1{i wins} —e;.

Margins are taken as given; Section 9 studies changes in them.

3.2 Ownership

Each firm has a controlling insider: the lab insiders 1,2 and the supplier insider S. Insiders and
passive outside investors hold the following shares:

Labi Labj Supplier S

Lab-i insider 0 h w
Supplier insider o o 1—-2w — ¢s
Outside investors ¢ o Ps

Each column sums to one, so 0 =1 — 0 — h — ¢. Insiders control their firms” compute decisions
(for instance through dual-class shares or founder control) even when their economic stake is below
one half. I call (0, w) the circular holdings, h the horizontal holding, and (¢r, ¢s) outside finance. The
network is the set of insiders. Its in-network margin is yny = y, since S is inside and O outside.
Section 13 brings additional layers in. Figure 2 depicts the structure.

Decision rights. Each lab’s spending is chosen to maximize its insider’s expected payoft:
WiZQHi—i—hH]'—Fst. (2)

The supplier insider’s payoff is Ws = (1 — 2w — ¢s)I1s + o(I1; + I1). Product-market conduct
after the race is summarized by V and does not depend on ownership. This isolates the investment
channel; Section 14 discusses conduct effects.

Instruments. The share w stands for any arrangement through which lab insiders capture part
of the supplier’s margin: equity, warrants vesting with purchases, or revenue-share rebates. Sec-
tion 6 shows that purchase commitments and other instruments are evaluated by the same value
threshold.

Timing. Holdings are in place. Labs choose spending simultaneously. The winner is determined
and payoffs are realized. The benchmark has no holdings: c = w =h = ¢ = s =0and 6 = 1.



Outside
investors

race for prize
V+a(eg +e2)
h

¢r

h

energy energy
o ik -
— equity share (holder — firm) - - > compute spending: margin y to S, yip to O

Figure 2: Ownership and cash flows in the model. The supplier insider holds ¢ of each lab; each
lab insider holds w of the supplier and & of the rival lab; outside investors hold ¢;, of each lab and
¢s of the supplier (only one ¢;, arrow is drawn). Each dollar of lab spending yields margin y to the
supplier and yo to the outside power layer. The ownership network consists of the three insiders;
O is outside it unless linked by equity (Section 13).

4 A tool: all-pay contests with linear payoffs

All results rest on the following lemma, which generalizes the standard symmetric all-pay equilib-
rium to payoffs linear in both players’ efforts.

Lemma 1 (Linear contests). Two players choose efforts e;,e; > 0. If e; > e;, player i’s payoff is wo +
wre; + waej; if e; < ej, it is Lo + L1e; + Laej; ties are split. Suppose

A=wy— 4y >0, d=w) — 01 =wy—¥r >0, =/ >d.

Then there is a symmetric equilibrium in which each player draws effort from

F(e):Z[l—(AfM>l/2], e e [0,b], b:zAd[(de)zq]. 3)

Expected effort and the expected equilibrium payoff are

A .
m—m, u —fo—l—gzm. (4)

When d = 0, F is uniform on [0, A/x] and (4) still holds.

Proof. Let the opponent draw from an atomless c.d.f. F on [0, b] with density f. The expected payoff

10



frome € [0, b] is

e b
U(e) = /0 (wo + wie + woy) dF (y) + /e (Lo + e + Lry) dF (y).

Differentiating and using the hypotheses,
U'(e) = f(e)[A+2de] + d F(e) — «.

Setting U’ = 0 and substituting u = A + 2de gives 2uF'(u) + F = x/d, ie. & (F\/u) = st With
F = 0atu = A, this yields (3). F is strictly increasing and reaches 1 at b because x > d. So U is
constant on [0, b]. For e > b the player wins surely and U(e) = wo + wie + wpm, which is strictly

decreasing because w; = {1 +d = —(k — d) < 0. Hence F is a best response to itself.

For the mean, integrate f u + dF = « over [0, ]. Since fob fude = u(b) —2d fob F, this gives
u(b) —d fob F =x«b. Thenm = b — fob F = [(x — d)b — A]/d. Substituting b and using x> — (x —
d)? = d(2x — d) gives m = A/[2(x —d)]. Finally, U* = U(0): at e = 0 the player loses with
probability one and earns ¢y + {om. O

The lemma has a simple economic reading. A + d(e; + e;) is the value of winning over losing, and
k — d is the net marginal cost of effort: the marginal cost when losing, less the part recovered through
the prize. Expected effort is half the intercept of the value of winning, divided by the net marginal
cost. Payoffs come from what a player earns when it loses with certainty, because the rents from
winning are competed away.

5 Equilibrium: the role of reciprocal stakes

Theorem 1 (Equilibrium with circular holdings). Suppose « > 0,0 > hand 6(1 — «) > wy. The lab
race has a symmetric equilibrium of the form (3), with

A= (0—-h)V, d=(0—h)a, Kk =0—ha —wp.

Expected spending per lab is

o 0—h)V _(1=h/0)V _ Wi
6_2[9(1—oc)—wy]_2[1—zx—r]' "= ©)
and each lab insider’s expected payoff is
EW; = hV + [wp —h(1 —a)] & (6)

In the benchmark, & = V /[2(1 — a)); labs earn zero, and the supplier earns uV /(1 — a).
Proof. By (2), if lab i wins, insider i earns (R — ¢;) — he; + wy(e; + ¢;); if it loses, —0e; + h(R —

11
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Figure 3: The circularity multiplier (Proposition 1), witha = 0.2, y = 0.6 and h = ¢ = 0. With
w = 0, the supplier’s stake ¢ has no effect. With w > 0, ¢ amplifies the effect of w.

ej) +wp(e; +e;). Collecting terms gives wo = 0V, w1 = 0x — 0 + wy, wp = 0a — h + wp, by = hV,
ly =ha —0+wpand lp = ha —h + wy. Hence A = (0 — h)V, wy — {1 = wy — b, = (6 — h)a, and
k=0—ha—wy,sox —d=0(1—a)—wp > 0. Apply Lemma 1. O

The parameter r = wy /8 is the effective rebate. For each dollar a lab spends, its insider bears 0
dollars of cost (the rest falls on the other shareholders) and recovers wy dollars through its stake in
the supplier. Relative to its own cost, the insider gets back r per dollar.

Proposition 1 (Reciprocal stakes). Let h = 0. Then:

(a) One-way stakes are neutral. If w = 0, & = &° for every o and ;.
(b) The reverse stake is a rebate. ¢ is strictly increasing in w and in yu whenever w > 0.
(c) Amplification. If w > 0, e is strictly increasing in o and in ¢r, because both shrink 6 and raise r.

(d) Multiplier. e/e” = (1 —a)/(1 — a — r), which grows without bound as r + 1 — .
With h > 0, é is strictly decreasing in h.
Proof. Immediate from (5). O

Part (a) is worth stressing. Equity alone does not buy compute. A supplier that takes a passive
stake in a lab gives the lab cash, but it does not change the lab insiders’ trade-off between the cost
of compute and the chance of winning; both are scaled by the same . What changes behavior
is a link that pays the lab per unit of compute: a stake in the supplier, a warrant that vests with
purchases, a rebate. Once such a link exists, the supplier’s stake in the lab (and the lab’s reliance on
outside capital) magnifies it, because the insiders” own share of the cost falls while their share of
the supplier’s margin does not. Circularity is multiplicative.

12



Proposition 2 (Accounting losses, insider gains). Let h = 0 and w > 0. Each lab’s expected accounting

profit is
Vv rvV

lEHi:*—(l—lX)e_:—m

0,
> <

while each lab insider’s expected payoff is EW; = wué > 0. The supplier’s expected profit is 2ue, which is
increasing in r.

Proof. Taking expectations, EI1; = 3IER — & = ¥ + aé — ¢; substitute (5). The insider payoff follows
from (6). O

Circular structures therefore produce a recognizable pattern: labs that lose money on paper,
insiders who do well through their claims on the supplier, and a supplier whose revenue rises with
the degree of circularity. Whether the system as a whole gains is a separate question, answered
next.

Example 1. Let V =1, a = 0.2 and u = 0.6. In the benchmark, each lab spends &% = 0.625, labs
earn zero, and the supplier earns 0.75. Now let the supplier take o = 0.3 of each lab and each lab’s
insiders receive w = 0.2 of the supplier (with & = ¢y = 0). Then = 0.7 and r = 0.2-0.6/0.7 =
0.171, so spending rises to & = 0.795, an increase of 27%. Each lab’s expected accounting profit is
—0.136. Each lab insider earns wué = 0.095. The supplier’s profit rises to 0.955, of which its insider
retains 60%, plus its share ¢ of the labs’ losses. Combined network value falls from 0.75 to 0.682,
because & + u = 0.8 < 1 (Theorem 2).

6 Value: a single threshold

6.1 The network-value identity

Consider the network of insiders, and suppose for now that there is no outside finance (¢r =
¢s = 0). Ownership is then closed: every share of every network firm is held by an insider. The
network’s combined payoff is the sum of the firms’ profits, | = I'l; 411, + Is.

Theorem 2 (Network value and the circular-investment impossibility theorem). Let T = E(ej + ep)
be expected total compute. For any strategy profile and any arrangement among network members that leaves
V, « and y unchanged (equity stakes, warrants, rebates, purchase commitments, side payments),

E[=V—(1—a—puy)T. @)
Hence, relative to the benchmark:

(a) Impossibility. If &« + un < 1, every arrangement that raises total compute lowers the network’s value.
No such arrangement can make all participants better off, even with side payments.

13
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Figure 4: Change in network value from a circular structure with ¢ = 0.2, as a function of w
(« = 0.2). The sign is determined by « + y — 1 (Theorem 2).

(b) Possibility. If « + un > 1, every arrangement that raises total compute raises network value. With
side payments, it can make all participants better off.

Proof. Exactly one lab wins, so Il +IT, = R — e; — e; for every profile. Adding ITs = pn(e1 +e2)
and taking expectations gives (7). Side payments only redistribute J. So all participants can gain if
and only if | rises, which requires (« + puny — 1)AT > 0. O

The identity is an accounting fact, but it organizes everything that follows. From the network’s
point of view, a dollar of compute costs 1 — yn (the margin is a transfer to the supplier) and returns
« in a larger prize. The labs, however, pay the full dollar. When « + uy < 1, the rent-dissipating
race already over-invests from the network’s point of view, and any circular arrangement that
raises compute further makes things worse. This is the analogue, for vertical networks, of the
impossibility theorem in Xiong (2026). When « + pn > 1, the margin separates the labs’ private cost
from the network’s cost: labs under-invest because they pay a markup that is only a transfer within
the network. Circular arrangements then correct a double-marginalization problem in compute,
and the network gains.

6.2 Instrument irrelevance

Theorem 2 does not depend on how compute is raised. To illustrate, consider a take-or-pay purchase

commitment, a common feature of supplier deals.

Proposition 3 (Purchase commitments). Without holdings, suppose each lab commits to pay at least C > 0
for compute, with usage up to C costing nothing at the margin. Then each lab spends e = &° +C/(1 — &) in
expectation, its expected accounting profit is —C, and network value changes by —2(1 —a — un) C/(1 —a).

Proof. Write ¢; = C + x; with x; > 0. The race over x has prize V' + a(x1 + x2) with V/ = V 4 2aC
and unit marginal cost. By Lemma 1, Ex = V//[2(1 —a)],s0e=C+ V'/2(1 —a)] =&+ C/(1 -
«). The race over x dissipates its rents fully, leaving a profit of —C. Apply (7). O

14



A commitment of C raises spending by more than C, because of spillovers: each lab’s committed
compute raises the prize for which both labs compete. Commitments, equity rebates and warrants
are thus different instruments with the same value test. A commitment that comes bundled with
an equity investment (“we invest, you commit to our cloud”) creates network value if and only if

a + pun > 1. The equity part only splits the surplus or the loss.

7 Who bears the losses? Outside investors

Al labs are financed largely by outside investors, and suppliers are publicly held. With outside
finance, the insiders” combined payoff is Jins = J — ¢r.(ITy + I1y) — ¢sITs.

Theorem 3 (Insiders versus outsiders). Let h = 0. A circular structure that raises spending per lab by
Aeé > 0 changes the insiders’ combined payoff by

Dins = 282 (1 = ¢s) = (1= ) (1 = 1) . ®)

The labs’ outside investors lose 2¢r (1 — w)Ae, and the supplier’s outside investors gain 2¢psuAe. In
particular, if

(1—a)(1 —¢r)

the structure is profitable for the insiders and destroys total value. The net loss is borne by the labs” outside
investors.

Proof. By Theorem 2 and Proposition 2, A] = 2(a + p — 1)Ae, AEIT; = —(1 — a)Aé and AEIIg =
2uAé. Then Afins = AJ + 2¢1(1 — ) Aé — 2¢pspAe, which rearranges to (8). O

Theorem 3 explains why circular structures can be attractive to the people who design them
even when they destroy value. The labs” accounting losses are shared with outside investors, while
the margin they generate flows to the supplier and, through w, back to the lab insiders. Outside
finance enters twice. It raises the rebate r = wy /0 (Proposition 1(c)), and it shifts losses onto
outsiders. The model thus identifies a precise channel through which an expansion of compute
can be privately rational and collectively wasteful. It also identifies who bears the risk: the outside
investors in the labs, not the suppliers” shareholders, who benefit from higher volume.

8 Exclusive versus broad-based investment
Some suppliers invest in several competing labs; others tie themselves to one. In the model, an

inclusive deal gives both labs the same holdings; an exclusive deal links the supplier to lab 1 only.
With i = 0, lab 1’s insider then has rebate r = wp /6 and normalized marginal costc =1—r € (a,1),

15
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Figure 5: Theorem 3 with a = 0.2. Between the solid line and the dotted line (¢s = 0), compute-
raising circular structures benefit insiders but destroy total value, at the expense of the labs’ outside
investors.

while lab 2 has marginal cost 1. The exclusive deal turns the race into an asymmetric contest with a
common endogenous prize.

Lemma 2 (Asymmetric linear contest). Two players compete for the prize V + a(e1 + ep), with & > 0, at
marginal costs ¢c1 < ¢, where c; > w. There is an equilibrium in which both players randomize on [0, b],
withb = - [ (22 )2 —1] and u =V + 2ae:

Cr—n

Gi(e) = Z[1-V7Ta),  Gale) =2~ a-de v

a  alcp—a)

The weak player has an atom at zero of mass Gz(0) = Z=1. Moreover:

. _ _(a—a)V,
(i) expected efforts are Eeq = Na—w) and Ee; = 2es— )2
(ii) the strong player wins with probability 2Cz_ﬂ;

2(c; — )

¢ _2 for the strong player and O for the weak player.

(iii) equilibrium payoffs are V c2
2

Proof. See Appendix A. O

Two features of Lemma 2 drive the results. First, the strong player’s expected effort depends
only on the weak player’s cost: in equilibrium, G; must keep the weak player indifferent. Second,
the weak player responds to its disadvantage by staying out with positive probability.

Figure 6 illustrates. With c; = 1, the strong player’s distribution G; coincides exactly with the
symmetric benchmark distribution: a lab that receives an exclusive rebate behaves as if nothing
had changed. The rival’s distribution shifts down. It places mass (1 —¢1)/(1 — «) at zero and
mixes over the same interval with lower density. All of the deal’s effect on behavior thus operates
through the rival.
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Figure 6: Equilibrium spending distributions under an exclusive deal (Lemma 2), with V =1,
a = 0.2,c1 = 0.75 and c; = 1. The favored lab’s distribution equals the symmetric benchmark. The
rival stays out with probability 0.31, and the favored lab wins with probability 0.66.

Theorem 4 (Exclusive versus inclusive circularity). Fix an effective rebate r € (0,1 — a) and let
c=1-—r.

(a) Exclusive deal. The favored lab’s expected spending is unchanged at & = V /[2(1 — «)]. The rival’s
falls to (¢ — &)V /[2(1 — «)?], and the favored lab wins with probability (2 —a —¢)/[2(1 — a)] >
1/2. Total compute falls by (1 — )V /[2(1 — &)?], and

A]excl — (1 — - ,uN) ;}1—_2)1;‘

(b) Inclusive deal. Total compute rises by (1 —c)V/[(c — a)(1 — a)], and

(1-c)V

AP = —(1—a = pn) (c—a)(1—a)

(c) Hence sign AJ™! = sign(1 —a — uy) = —sign AJ™ Ifa + uyn < 1, a supplier and a lab gain
from an exclusive deal and lose from investing in both labs. If x 4+ un > 1, the reverse holds.

In both cases the unlinked lab earns zero, so A] is also the coalition’s gain.

Proof. Apply Lemma 2 with ¢; = c and c; = 1 for (a), and Theorem 1 with r for (b). In both cases
J] =V —(1—a—pun)T, by the argument of Theorem 2. Lab 2 earns zero in the benchmark, as
a weak player in the exclusive case, and in the symmetric case (where it is a coalition member
anyway). O

The exclusive deal is a pure discouragement device. It does not make the favored lab spend
more; it makes the rival spend less and concede more often. Total compute falls, which helps the
network precisely when compute is over-supplied (¢ + pn < 1). Inclusive deals do the opposite.
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The theorem therefore offers a rationale for two observed patterns: some high-margin component
suppliers spread their investments across many labs, while cloud providers that also own or
sponsor labs tend to concentrate on one. In the model, the choice is governed by a single number,
0+ UN-

Corollary 1 (Vertical integration). If the supplier fully owns lab 1, then ¢ = 1 — u: the integrated lab
pays only the real resource cost. The integrated lab wins with probability (1 + un — «)/[2(1 — )], and the
independent lab’s expected spending falls to (1 — a — un)V /[2(1 — a)?].

This is a form of foreclosure. It does not raise the rival’s input price; it makes the integrated
lab a stronger competitor, which discourages the rival. Unlike classic foreclosure (Ordover et al.,
1990), it reduces total input demand. A supplier that sells to everyone may therefore prefer not to
integrate, unless a + uy < 1.

More generally, a supplier may link to both labs on different terms, so that the labs” normalized
costs are c; < ¢ < 1. Lemma 2 then gives total expected compute
1% (c1—a)V  (c14+c—2a)V

T(c1,02) = 2ea—a) 20— 2a-aP Y

Proposition 4 (Supporting the leader versus the laggard). For a < c¢; < ca:

(a) 9T /dc1 = V/[2(ca — &)?] > 0. A larger rebate to the stronger lab lowers total compute.

(b) T /9cy = —(2¢1 +c2 — 3a)V/[2(c2 — a)3] < 0. A larger rebate to the weaker lab raises total
compute.

(c) Fix the total rebate r1 +ro, = 7, with r1 > ry. Total compute is strictly increasing in the smaller
rebate ry. It is minimized by giving the whole rebate to one lab and maximized by splitting it equally.
Hence network value is maximized by the extreme allocation if &« + un < 1, and by the equal split if
x+pun > 1.

Proof. (a) and (b) follow by differentiating (9). For (c), writec; =1 —7+r2and c; = 1 — ;. Then the
numerator ¢; + ¢ — 2a = 2 — 7 — 2a does not depend on 3, while the denominator 2(1 — r; — «)?
is decreasing in r;. So T is increasing in 7 on [0,7/2]. Combine with E] =V — (1 —a —uN)T. O

Proposition 4 explains why the identity of the lab a supplier backs matters. Supporting the
leading lab strengthens its position and moderates the race; supporting the lagging lab intensifies it.
When the race is already too intense from the network’s point of view, the supplier should support
the leader.
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Figure 7: Exclusive versus broad-based investment (Theorem 4), with « = 0.2 and ¢ = 0.8. The
curves cross zero at yny = 1 — a (dotted line).

9 Margins and fragility

Supplier margins in AI compute are high and contested: alternative accelerators, custom silicon
and new entrants can compress them. The model shows how circularity interacts with margin risk.

Proposition 5 (Fragility). Fix holdings (o, w, ¢r) with h = 0 and w > 0, and let the margin y vary.

(a) The elasticity of compute spending with respect to the margin is r /(1 — a — r). This is zero without
circularity and increasing in r.

(b) The elasticity of the supplier’s revenue 2ué with respect to the marginis (1 —a)/(1 —a —r) > 1.

(c) The structure’s value AJ () = 2(a + u — 1)(e(u) — &°) is positive for u > 1 — a and negative for
<1—w Foranyu <1—a, |AJ(n)|is increasing in w and o.

Proof. From (5),Iné = const —In(1 —a —wpu/0),sodlné/dlnu =r/(1 —a — r), which gives (a).
Part (b) adds one. For (c), e —&° > 01is increasing in 7, and r is increasing in w and ¢. O

Proposition 5 formalizes a common worry about circular deals. They make compute demand,
and with it supplier revenue, more sensitive to supplier margins. A structure designed in a high-
margin environment (¢ > 1 — «) creates value there, but if margins fall below 1 — & the same
structure keeps compute high and destroys value. The more circular the structure, the larger the
loss. Figure 8 illustrates: with ¢ = 0.3 and w = 0.2, the structure raises compute by 47% and creates
value at 4 = 0.9; at y = 0.6 it still raises compute by 27% but destroys value.

Remark 1 (Unwinding). In the model, holdings are fixed when margins change. If unwinding is
costly (equity is illiquid, commitments are binding, warrants have vested), the structure persists
after margins fall. The result is a period of over-investment that ends only when the structure is
unwound. Spending then falls by the factor (1 —a —r)/(1 — &), and the supplier’s revenue falls
by more than the margin alone would imply.
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Figure 8: Fragility (Proposition 5). Left: a fixed circular structure creates value only when p >
1 —a = 0.8 (dotted line). Right: circularity raises the sensitivity of compute and of supplier revenue
to the margin.

10 Designing circular deals

So far, holdings were taken as given. Suppose instead that the insiders choose them, together with
cash transfers. In practice the transfers are the cash a supplier pays for its stake, or the price at
which warrants are granted. Insiders” control imposes limits: lab insiders must retain at least 6 of
their lab, and the supplier insider must retain at least s of the supplier, sow < @ = (1 — ¢s —s)/2.
To keep compute finite, assume wy < (1 — ).

Proposition 6 (Optimal circularity is all or nothing). Consider symmetric (inclusive) structures, chosen
to maximize the insiders’ combined payoff with transfers. Let

A=p(l—¢s) = (1 —a)(1—¢r).
(a) The insiders’ combined payoff is affine in spending per lab, with slope 2, for every structure (o, w, h).

(b) If A > 0, the optimal structure maximizes the rebate: h =0, w = wand 0 =0 (soc =1 —0 — ¢r).
Computeise* =V /[2(1 —a —awu/0)].

(c) If A <0, the optimal structure has no reverse stake (w = 0) and maximizes horizontal holdings h: the

insiders want less compute.

(d) With Nash bargaining between the supplier insider and the lab insiders, each side’s gain equals half of
2A(&* — &°) (case b), net of the transfer that implements the split.

Proof. (a) Firm profits depend on the structure only through é: EIT; = V/2 — (1 — a)é¢ and EIlg =
2ue. Hence [ins = const +2¢ A. (b), (c) By (5), ¢ is increasing in r = wy /0, decreasing in h, and
has its supremum at the corner stated. (d) Transfers are lump sum, so Nash bargaining splits the
surplus equally. O
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The proposition makes a clear prediction: circular structures should either be absent or extend
to the limits that control and governance allow. Since A falls with margin compression and rises
with outside financing of labs, the model predicts waves: circular deals appear when supplier

margins are high and lab funding is abundant, and disappear when margins compress.

The supplier’s cash. In the model, the stake the supplier acquires is worth the labs” expected
profits, which become negative once circularity raises spending (Proposition 2). A supplier that
pays cash for such a stake is not buying a profitable claim. It is paying for the increase in its own
margin revenue that the structure induces. Part of the supplier’s revenue is thus funded by its own
equity investment, and the rest by the labs’ outside investors. This is the precise sense in which the
arrangement is “circular”.

11 Many labs

The two-lab race keeps the algebra simple. The main formulas extend to n > 2 labs. Let the winner
earn V 4+« Y}, ek, let each lab insider hold 6 of its lab and w of the supplier, and let the supplier
insider hold ¢ of each lab (& = 0).

Proposition 7 (Many labs). In any symmetric equilibrium in which spending is atomless and zero is in the
support, expected spending per lab and total spending are

1% Vv wu
e = T — e = .
"Tn(l—a—r) s 6

The network-value identity E] =V — (1 — a — pn) T and the threshold « + pn 2 1 continue to hold.

Proof. Each lab wins with probability 1/n, so EIl; = (V + ané,)/n — &, and EIlg = une,. A lab
insider’s equilibrium payoff equals the payoff from spending zero, which loses with probability
one: wpy(n —1)e,. Equating with 0EIL; + wEIIg gives 6V /n = &,[0(1 — a) — wp]. The value
identity follows as in Theorem 2. O

Total compute does not depend on the number of labs. Entry into the frontier race reallocates
spending but does not raise it, because rents are fully dissipated whatever the number of contestants.
The circularity multiplier (1 —«)/(1 — « — r) is also independent of n. It is circularity, not entry,
that determines the scale of compute spending.

12 Financing constraints: when one-way stakes matter

Proposition 1(a) relies on labs being able to finance any level of spending. Suppose instead that
each lab can spend at most its cash B. Take & = 0 to keep the algebra simple, and let insiders’
effective cost be c = 1 — r per dollar.
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Proposition 8 (Budget caps). With budget B per lab:

(a) If B>V /c, the cap never binds. If V /(2¢) < B < V /c, there is an equilibrium in which each lab
mixes uniformly with density ¢/V on [0, 2B — V /c] and places an atom of mass 2(1 — cB/ V) at B.
Expected spending is V / (2c), as without the cap, and rents are zero.

(b) If B < V/(2c), both labs spend B with probability one, and each lab insider earns V /2 — cB > 0
from the race.

Hence spending per lab is min{B, V/(2(1—r))}.

Proof. (a) A lab spending e < 2B — V /c wins with probability ce/V, so its payoffis V - ce/V —
ce = 0. Spending B wins with probability 1 — g + ¢/2 with ¢ = 2(1 — c¢B/V), which gives
V(1 —¢q/2) — c¢B = 0. Spending between 2B — V /¢ and B wins with probability 1 — g at strictly
higher cost, so it gives a negative payoff. Expected spending equals V /(2¢) because rents are zero
and E[prize] = V /2 per lab. (b) At the profile (B, B), a lab’s payoff is V /2 — cB > 0; spending less
loses for sure, and spending more is infeasible. O

With financing constraints, the two sides of a circular deal play different roles. The supplier’s
cash (the stake o) relaxes the cap B and raises spending one-for-one, but only up to the uncon-
strained level V//(2(1 —r)). The reverse stake raises that level itself. Cash helps only when financing
binds, whereas rebates raise the level of spending that labs would choose without constraints.
Once labs are well funded, as frontier labs largely are, only the rebate matters, and Proposition 1(a)
applies. The value test of Theorem 2 is unchanged, because it is an accounting identity.

13 Data centers and power: a two-layer stack

So far, the supplier simply collects a margin. But data centers and the power to run them must be
built, and that buildout is itself competitive and subject to spillovers. This section adds a second
racing layer, bringing the model closer to the two-industry structure of Xiong (2026).

13.1 Setup

There are two infrastructure firms, P; and P, (data-center or power developers), which race to build
capacity k; > 0 for an anchor contract. The two layers are linked as follows:

e The lab race has prize R, = Vi + a(e1 + e2) + Br(ki + k): capacity raises the value of frontier

models, for instance by lowering inference costs.

e The infrastructure race has prize Rp = Vp + ap (k1 + k2) + Bp(e1 + e2): lab compute raises the
value of capacity contracts, and ap captures learning and shared grid upgrades.
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¢ A share y of lab spending is profit for the infrastructure layer, split equally between P; and P,
(Ilabs multi-home).

Ownership: each lab insider holds 6y, of its lab, & of the rival lab and w of each infrastructure firm.
Each infrastructure insider holds 0p of its firm, hp of the rival infrastructure firm and o of each lab.
Closedness requires 0 = 1 —h — 20 and 6p = 1 — hp — 2w. Firm profits are Il; = Ry 1{i wins} — ¢;
for labs and IT, = Rp1{g wins} — kg + 5(e1 + e;) for infrastructure firms.

13.2 Equilibrium and value

Theorem 5 (Two-layer stack). Let m; = Ee; and mp = Ek,. Suppose 0, > h, 0p > hp, a,ap > 0,
kp—dr=60,(1—a)—w(Bp+u) >0, kp —dp = 0p(1 —ap) — B >0,

and let

QL—h 9p—hp

LT —a) —wBr )] T 2[0p(1—ap) — 0Bl

with 4apapBrPp < 1 and positive intercepts. Then both races have equilibria of the form (3), and

. ar, (VL+2‘3LIZPVP) - ap (Vp+2‘3paLVL)

mp = , mp = 10
L 1 —4aapBrBp P 1—4apapBrBp (10)

Network value is
IE]:VL+VP—2(1—(X—‘Bp—y)mL—Z(]—lXp—‘BL)mp. (11)

Proof. For alab insider, the win-minus-lose payoff is (6 — I)Rr. Expected infrastructure capacity
enters only through E(k; + k2) = 2mp, so A = (6, — h)(Vy 4+ 2Brmp) and d = (6, — h)a. The
insider’s stake w in each infrastructure firm adds w(Bp + p) per dollar of own spending, because
Ilp, +I1p, = Rp — ki — ko + p(e; + e2). Hence k = 0 — ha — w(Bp + p), and Lemma 1 gives
my = ap(Vy +2Brmp). Symmetrically, mp = ap(Vp + 2Bpmy), since an infrastructure insider’s
stake o in each lab adds o, per unit of own capacity. Solving the linear system gives (10). Summing

firm profits, and using that exactly one firm wins each race, gives (11). O

Corollary 2 (Value thresholds with cross-layer feedback). Start from the benchmark (h = hp = 0 =
w =0).

(a) Labs invest in infrastructure (w > 0, ¢ = 0). If Bp + u > 0, lab compute rises, and network value
rises if and only if

BrBr
—— > 1.
uc+,u+1_lxp >

(b) Infrastructure invests in labs (o > 0, w = 0). If B;, > 0, capacity rises, and network value rises if
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Figure 9: Corollary 2(a) with « = ap = 0.2 and B = 0.3. Cross-layer feedback lowers the margin
needed for labs’ stakes in infrastructure to create value. With these parameters, infrastructure’s
stakes in labs create value only if 4 > (1 —ap)(1 —a)/Br — Bp > 1.53, which is infeasible.

and only if
By + Br)

1.
1—«n >

ap +

Proof. For (a): witho = 0,ap = 1/[2(1 — ap)] does not depend on w, so Amp = 2apBpAm; exactly.
Substituting into (11),

A]:—ZAmL[(l—oc—‘Bp—y)—kM} Z—ZAmL[l—(x—y—M

1—ap 1—ap|*

Part (b) is symmetric, with Am = 2a; B Amp and ap = 1/[2(1 — a)]. O

Corollary 2 has three implications. First, the threshold for labs’ stakes in infrastructure (think of
stakes in data-center developers) is the single-stack threshold a + p plus a feedback term BBp/ (1 —
ap): more lab compute raises the value of capacity, more capacity raises the value of the frontier,
and the loop is amplified by the infrastructure layer’s own spillover. Second, infrastructure firms’
stakes in labs pay off only if capacity spills over strongly onto the frontier (8 large), and then they
are valued through the margin and demand linkages y + Bp. Third, without margins (x = 0) and
with all spillovers below one half, both thresholds fail, and the impossibility theorem of Xiong
(2026) reappears as a special case.

13.3 Power and leakage

Power is often supplied by independent or regulated producers outside the ownership network.
Their margin yo is a transfer from the network’s perspective but a leakage: it is paid by labs and not
recovered by insiders.

Proposition 9 (Bringing power into the network). Suppose lab insiders acquire stakes wo in the outside
layer (for instance through equity in power projects) in addition to w in the supplier. Then the effective rebate
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becomes r = (wpu + wopo)/6; compute is given by (5) with this r; and the value threshold of Theorem 2
becomes a + p + po > 1. Integrating power into the network can therefore turn compute-raising circular
structures from value-destroying into value-creating.

Proof. Lab insider i’s payoff gains wopo(e; + ¢;), so « falls by wopo. Network profits now include
Ip, so the in-network margin is y + po in (7). O

The in-network margin yy is thus the key state variable. It is not a property of any single firm;
it is the share of a compute dollar that is captured somewhere in the ownership network.

14 Welfare and policy

14.1 Private versus social thresholds

Let 77 be the external value of a dollar of compute to parties outside the industry. It is positive if
frontier progress diffuses to users and other sectors; negative if compute imposes grid congestion,
emissions or safety risk. A planner counts all margins as transfers. With total margin po =
UN + Hout (in-network plus outside layers), social welfare changes by

ASW = (& + 1 + puor — 1) AT. (12)
Proposition 10 (Private versus social value of circularity). Assume a closed network.

(a) If n > 0, every inclusive circular structure that is privately profitable (« + uy > 1) is socially
beneficial. There are also socially beneficial structures that are not privately profitable, whenever
x4+ un <1 <a+1+ ot

(b) Ifn > 0, exclusive deals and vertical integration that are privately profitable (x 4+ un < 1) are socially
harmful whenever o + 1 + pieor > 1.

(c) If 1 <0, privately profitable inclusive structures are socially harmful whenever o + 1 + preor < 1 <
o+ UN-.

Proof. Inclusive structures raise T and exclusive structures lower it (Theorems 1 and 4). Compare
the signs of « + yun — 1 and « + 7 + pior — 1, using pior > UN- O
14.2 Policy implications

Antitrust. Exclusive circular deals and vertical integration lower total compute and raise the
favored lab’s probability of reaching the frontier first (Theorem 4, Corollary 1). They are privately
profitable exactly when inclusive deals are not, and they can harm welfare when compute has

positive external value. This is a novel foreclosure channel: discouragement in an innovation race
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rather than raising rivals’ costs. By contrast, inclusive circular structures raise compute and are

more likely to be benign.

Disclosure and investor protection. Theorem 3 identifies the labs” outside investors as the party
that bears the losses when circular structures raise compute beyond its value to the network.
Disclosure of reverse stakes, warrants that vest with purchases, and commitments linked to

investments would let outside investors price this transfer.

Energy. Bringing power producers into the ownership network raises compute (Proposition 9).
Whether that is desirable depends on #, which for energy-intensive compute includes grid and

emissions externalities that the network does not internalize.

Product-market conduct. I have assumed that ownership affects only investment. If cross-
holdings also soften competition between the labs once a frontier is reached, there is an additional,
conventional anticompetitive effect, as in Reynolds and Snapp (1986). The horizontal parameter h

captures the investment side of that effect: it lowers compute (Proposition 1).

15 An illustrative calibration

The model’s main thresholds involve two numbers: the knowledge spillover a and the in-network
margin iy, the share of a lab’s compute dollar that becomes profit inside its ownership network.
Table 1 computes uy for hypothetical cost shares and margins. The numbers are illustrative
assumptions, not estimates; they show how the thresholds would be applied.

Layer Share of compute dollar Margin on that share  Contribution to y
Accelerators 0.45 0.65 0.29
Data center and cloud 0.40 0.30 0.12
Power 0.15 0.20 0.03
Network contains Un a+puny(@=01) a+pun(@=0.3)
Accelerator supplier only 0.29 0.39 0.59
Accelerators and cloud 0.41 0.51 0.71
Accelerators, cloud and power 0.44 0.54 0.74

Table 1: [llustrative in-network margins. All entries are hypothetical.

Under these assumptions, « + uny < 1in every case. The race over-invests from the network’s
point of view, and Theorem 2(a) applies: closed-network circular structures that raise compute
destroy value, while exclusive deals create it. Two qualifications matter. First, by Theorem 3,
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compute-raising structures are nevertheless profitable for insiders when the labs’ outside share is
large enough. With ¢ = 0, « = 0.3 and un = 0.41, the condition is ¢y > 1 —0.41/0.7 = 0.41, a
plausible level for labs funded by repeated outside rounds. Second, « is hard to measure: diffusion
through distillation, open weights and staff mobility may be large, and Corollary 2 shows that
cross-layer feedback adds to it. The regime boundary « + py = 1 is the object that empirical work
should target.

16 Discussion of modeling choices

Why a contest? Frontier Al has strong winner-take-most features: being first to a capability level
brings users, talent and pricing power, while followers face commoditized markets. An all-pay
contest captures this and the fact that compute is sunk whether or not the lab wins. The contest also
delivers full rent dissipation in the benchmark, which makes every effect of ownership visible in a
single number, e. In Xiong (2026), Cournot-type models of R&D give different thresholds, because
R&D there creates joint surplus. In the present setting, the analogue of that surplus is the margin u
and the cross-layer spillovers, which is why the thresholds here can go either way.

Exogenous margins. Margins are taken as given, and Section 9 studies changes in them. If the
supplier set its price, and lab spending were measured in dollars, a monopolist would raise its
price without bound in this model: with full dissipation, labs spend the same dollars whatever
the price. Margins should therefore be read as determined by upstream competition and capacity,
which lie outside the model.

Passive outsiders and insider control. Insiders control decisions while holding minority economic
stakes, as is common for founder-led labs and for firms with dual-class shares. This separation is
what allows outside finance to amplify rebates (Proposition 1(c)) and to absorb losses (Theorem 3).

Linearity. Prizes and margins are linear in spending. This yields closed forms, and it makes the
value identity (7) exact. With decreasing returns, the thresholds become local conditions at the
equilibrium, as in Theorem 1 of Xiong (2026).

17 Testable implications

The model yields predictions that distinguish its mechanisms from alternative explanations of

circular deals, such as financing constraints or risk sharing.

1. Reverse stakes, not supplier stakes, move compute (Proposition 1). A supplier’s equity in
a lab should not, by itself, raise the lab’s compute purchases once financing is controlled for.
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Instruments that pay the lab per unit purchased (warrants vesting with deployment, equity in
the supplier, volume rebates) should. A financing-constraint explanation predicts the opposite

ranking.

2. Amplification by outside finance (Propositions 1(c) and 6). Holding the reverse stake fixed,
labs whose insiders own a smaller share should respond more strongly to it.

3. Margin sensitivity (Proposition 5). The elasticity of a lab’s compute spending with respect to its
supplier’s margin, for example around price cuts or the entry of competing accelerators, should
increase with the lab’s effective rebate. Suppliers’ revenue should react more than one-for-one
to margin shocks when their customers are circularly linked.

4. Accounting losses and outside returns (Proposition 2, Theorem 3). Labs in more circular
structures should report larger operating losses, and their outside investors should earn lower

returns, while insiders’ total compensation, including claims on suppliers, need not fall.

5. Exclusive ties discourage rivals (Theorem 4). After an exclusive deal, the favored lab’s spending
should not rise, while rival labs” spending should fall and the favored lab should lead more

often.

6. Breadth of investment (Theorem 4). Suppliers with higher margins on lab spending should be
more likely to invest across many labs; lower-margin or vertically integrated investors should

concentrate on one.

7. Power in the network (Proposition 9). Equity links between Al firms and power producers
should be followed by higher compute spending than comparable contract-only arrangements.

18 Conclusion

Circular investment links Allabs to the firms that sell them compute. This paper models the Al stack
as a rent-dissipating frontier race layered on top of a margin-earning compute and infrastructure
sector, with cross-holdings among them. One-way stakes are neutral; reverse stakes act as volume
rebates, and the supplier’s stakes amplify them. Whether the resulting increase in compute creates
value depends on a single threshold, a + un 2 1, comparing the knowledge spillover plus the
in-network margin with the dollar paid. Below the threshold, a circular-investment impossibility
theorem holds; above it, circularity corrects a double-marginalization problem in compute. The
labs” outside investors bear the losses when the increase destroys value. Exclusive deals and
inclusive deals are mirror images. Circularity amplifies margin risk. With data centers and power,
cross-layer spillovers add feedback terms to the thresholds, and the boundary of the ownership
network determines which margins count.

Several extensions are natural: endogenous margins set by competing suppliers, financing
constraints (under which the supplier’s cash can matter even without reverse stakes), more than
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two labs, dynamic races, and estimation of & and un.

A Proofs

Proof of Lemma 2. Normalize payoffs so that player p earns V 4 a(e; + e2) — cpep if it wins and
—cpey if it loses. The weak player’s indifference against the strong player’s c.d.f. G; requires, for e
in the support,

Uy(e) = /[0 ., (V 4+ ae + ay) dGy (y) — c2e = const.

Differentiating gives g1(e)(V + 2ae) + aGy(e) = cp. Solving as in Lemma 1 gives Gi/u =
(ca/a)y/u + C, and G1(0) = 0 yields G; = (c2/a)[1 — /V/u]. The strong player’s indiffer-
ence against G, which may have an atom at 0, gives the same equation with ¢; (the atom con-
tributes aG,(0) to the derivative, which is included in aG;(e)). So G, = ¢1/a + C'/+/u. Both
distributions reach 1 at the common upper bound b: G;(b) = 1 gives /V/u, = 1 —a/cp, and
G2(b) = 1 then gives C' = —(c1 — a)caV/V/[a(ca — a)]. Gy is increasing because C' < 0, and
G2(0) = (c2 —c1)/(c2 — ) € (0,1).

The weak player earns U, (0) = 0, and by construction U, is constant on [0, b]. The strong player
never bids exactly 0: bidding 0" beats the atom and earns VG;(0), more than the tie payoff at 0.
Hence U; = VG2(0) on (0, b]. Above b, both payoffs are strictly decreasing, since ¢, > .

For the means, write [Ee = fob(l — G) de, with de = du/(2a) and [ u~1/2du = 2./u. For Gy, the
computation is that of Lemma 1 with x/d = ¢y /«, giving V/[2(c2 — «)]. For Gy,

Ee, — (1_2>b+(ﬁ—“>czﬁ(¢@_ﬁ),

a?(cp — )

Here b = V(2c; — &)/ [2(c2 — @)% and /ity — V'V = a/V/(c2 — &), s0 Eey = (c1 — a)V/[2(c2 —
«)?]. Finally,

o a(cp — )

VV [t (Cl (c1— “)Czﬁu—1/2>u—3/2du

Pr(el > 62) = /Gz dG; = o . — —

which simplifies to (2c; — ¢1 — ) /[2(c2 — )]. O
Proof of Corollary 1. With full ownership, the integrated firm’s payoff from the lab’s spending is

R1{win} — e; + pn(e1 + €2), so its normalized marginal cost is 1 — yy. Apply Theorem 4(a) with
c=1-—pun. ]

B Numerical verification

All formulas were verified numerically.
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® Lemma 1. For 30 random coefficient vectors, the payoff against F is constant on the support
(maximum deviation 3 x 1074, attributable to the integration grid) and strictly lower above it;
the numerical mean matches (4).

® Theorem 1 and Theorem 2. Over 20,000 random parameter draws, (6) matches the portfolio
payoff and (7) holds, both to machine precision (2 x 10~1°).

¢ Lemma 2. For & = 0.25 and c¢; = 0.7: the atom is 0.400 (formula 0.400); the strong player’s
payoff varies by less than 10~ on its support; the means are 0.6667 and 0.4000 (formulas
0.6667 and 0.4000); the win probability is 0.7000 (formula 0.7000); and both payoffs fall above
the support.

¢ Corollary 2. In 19,770 random parameter draws, the sign of AJ for one-sided deals agrees with
the stated thresholds in every case.
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